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NASA TT F-12,574

SYSTEMATIC ERRORS OF A HGRIZON SENSOR DUE TO THE
NONSPHERICITY OF THE PLANET

|. G. -loffe

ABSTRACT. Detailed anaiysis of the systematic errors of
devices for determining the orientation and position of a
spacecraft near a planet from observations of the planet's
disk. The deterministic and probabilistic approaches to
the problem of determining the systematic errors are com-
pared. The results are extended to include a vehicle
moviag along an arbitrarily inclined orbit.

Statement of Problem

The systematic errors of a horizon scanning system are caused by the geo-  /285*
metric features of a planet and the physical properties of its atmosphere.
Obviously, when there are clouds or mountains, the position of the edge of the
planetary disk (at least in the range of the visible spectrum) will not be
determined precisely. Atmospheric refraction and scattering can also cause
errors. Some of the above-stated errors are rnalyzed in [2, 3]. One of the
systematic errors is related to the nonsphericity of the planet. The following
expressions were obtained in [1] for the above-stated errors of the device in
the determination of the direction to the center of the planet (in the plane of
the meridian) and distance to it:

Ay =,;a;sin §Cos @, (N o
e-a «'p 2 3a2
a0 =S5 [+ ey ], (2)
P 2a>

where a is the equatorial radius of the planet, e is the eccentricity of the
spheroid, p is the modulus of the vector radius of the object, ¢ is the planeto-
centric latitude of the position of the object.

The coefficient 1/2 in expression (1 is erroneous. This error! is the
consequence of the error found in [1] inr he determination of certain interme-
diate values 6@12 and 6634.

The corrected expression for the error of the instrument in the determina- v
tion of the direction to the center of the planet (in the plane of the meridian) - it
will be “%

'The possibility of such an error was discussed earlier in [3].
*Numbers in the margin indicate pagination in the foreign text.
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An asspmption was made in [2 thq; is a random value, distributed
Fc.ordlng tb the law of uniform en51ty h1s corresponds to the case af motion
bf the objetct in a polar circular-orbit)l. The function of the distribution

G(y) of the random value Ay, whare y is 2 flowing value of error Ay, was
pbtained

-

1 _
- G (y) == —arccos -g—-y)—
L o K

i

In this case the expression for thJ limit error of the instrument in the

determination of the direction to the ¢ ter of the planet with a probability
df 95%, with consideration of (3), will

{Covrer r’1d’v Sireg

=0 eq?
| ‘ Ay(95% )= 0,494 7;2“ . 4

{ According to [2], the function of d&strlbuQ1on F(z) of the random value Aps
Eas the form ! |

5 _ A-——A oo e iy

N F(z) == —arc sin (5)
. ; ?
gﬁere |
- e2a?
- A=—=r B=("—3a), (6)

and the limit value of error in the determination of the radial distance with a
probablllty of 90% is determined by the expression

B Ap(30%)= 0,243%,

It will be shown below that expressfion (5) is valid only up to the value
> a/3, and relation (7) is erroneous. | Moreover, we will examine the case of
itrary orbital inclination to the equptorial plane.

&)

i.e. the error decreases as the altitude of the flight increases.

NAEA
[2], K = e?a?/4p?, which is incorrecE (see footnote on p. 1). Formula (4)
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Errors of Horizon Sensor “n the Case of [Polar Orbit
From expression (2), with qopsi tign of (6), we have
- Ap = A 4+ B costq. i (8)
: i
i

:f We will assume that the values of iggle ¢ are distributed uniformly in the
range of +m/2 to -m/2, which is valid for an apparatus moving in a polar circu-
lar orbit.

ij We have 1

- 1 n

- 7 for I"'<s%,
1 2
- /(z) = ®
- ¢ for |z|>T,
- 2
Coep 1 1§;L Sourcw

ﬁLere f(x) is the probability density oé the random value ¢.

We find now the density of probabiﬁity g(y) of the random value Y = cosz¢.
i i

oL We have 2 % PRSI
i S
R ; i
- e for 0<y <t
- g(y)=[ﬂ!fyl/1—-y _ R (10
. 0 for y<0O and y > 1.
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with consideration of (8) |
— 1

_ Ap = A + BY. (11)

—  We will now examine two cases separLtely:
+—~ Case 1 (B > 0, which corresponds tg p > a¥3). With consideration of

gxpressions (10) and (11), the density of probability g(z) of the random value
Ap is determined by the relation

1
— ZYy=" 4
- 82) BVz—A 1_z—A
" B

B

- ' |

-  We will find the distribution func4ion F(z) of the random value Ap, where,
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- Then the distribution function F(z)| of the random value Ap will be

' 1
B | f()_5§—_~"~AV1__T_,—_f‘_ ;

i
!

where the lower limit of the integral is

7 defined such that when B > 0, according
0 ke (11), z

= A, from which, finally, we have

2 Z— A
F(z)= —arcsin [/ -2, (12)
(z) - arc sin B

min

i
:; This result coincides with the funcrion obtained in [2].

.. Case 2 (B < 0, which corresponds tolp < a¥3). The probability density
20 g(z) in this case will be v Souree

T <um.

r g(z)="
L nlBlV
: : f
L. 3 l
hence | |

HANE S z

T
|
e+ e e e o e e ek i+ 20

dz

- F(z) = —— =

- n|B|A+B‘Vz——A‘V1__z—A

- B B
35 | l

ere the lower limit of the integral is’defined such that when B < 0, accordinq
(11), z_._ = A + B.
min

- Finally, we have l

40 —_—
2 ) 21— A
F(z)=.1—-——;—arcsm 5 (13)

45 This particularly important, in thel practical sense, case (for the Earth,

or instance, at altitudes up to 1,047 km) 1s not discussed in [2].

From expressions (12) and (13), with consideration of (11), we obtain with
obab111ty 95% the general expressions for the limiting errors of the instru-
5o pent in the determination of the radialisgistance to the center of the planet:
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. Fircular orbit at an angle of 90° - o to, the in 11ned orbit; ¢1 is the latitude

B Ap = A 00062 B for a<<p<al3, (14)

B | Ap = A 409938 B for o > a3, (15)

where for p‘ ay/3 from (6), Ap =AY Pa &e Title

i
1

- It must be stressed here that in [2] for this case, the following expres-

ion was found: Ap(90%) = 0.243(e?a?/p),' which leads to an erroneous conclusion
ncerning the reduction of error for the case p > a¥3 as the flight altitude
creases (cf. (14) and 15)).

Ffrors of Horizon Sensor in the Case of lInclinced Orbit

1l

Examination of the case of motion of an object in an inclined circular
prblt is important.

We have the following relation

b
H
v oL LY Pade houroe
£ . .

i == Singsina
[ sin @1 maes ’

i
1

s . i
where ¢ is the latitude of the position of the object, which moves in a polar

of the position of an object moving at_ the same | lar velocity in the inclined
circular orbit; a is the angle of inclination o !the orbit to the equatorial
plane § ;

: Wezflnd the density of probability g(y) of the random value Y, where ;
Y = sin‘¢, |

1 :

: e Fo Aot for 0< <1, M B

- g(y)={nVyV1-y y (16) -
0 for y<<O0, y >1,

L Since s1n ¢ = sin2 ¢ sin2 o, then,

by denoting Z = sin2 ¢1, with consid-
érat1on of (16), we have

1 . :
N g(Z)*‘-{“V;Vsin’a——z for sinfaz<t, 17

0 for z<sin’a and 3 > 1,

Eﬁere z is the flowing value of the random value Z.

NABA
With consideration of (17), the probability density g(u) of the random
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balue U, where U = cos? 61;"WiTT'BE*_"_”[‘”““'

= 1

._ |8 @=]ayT=uyu=cos |

! ; 0 for u<{costa, u>1, !
|

for costu<lu<1,

(18)

vever tage litle
fthere u is ,,he flowing value of the randpm value U.

For the inclined orbit, we have, frlam (8),

- Ap =4 + B cos? gy, (19)
nence, with consideration of (18), the p}tobablhty density £(z) of the random
value Ap will be

5 {
; - dz

i fa)= .
i A A 20
w|B|V1——-~- 1=4 _ ¢ (20

B

i
¢
H *
H \l ALl b
i

&here z is the flowing value of the rand:bm value Ap.

We will find the function of distribution F(z).

We will consider two cases. 1 . :
Case 1 (B > 0, which corresponds to. p > a/?xb.
; From expression (20) we have ( '
z o !
’:- F(z)=TiB 3 y—4 dzy-—A 3
'% ) A+Bcos?’a V 1 — B V B — cosza
L |

where the lower boundary of the 1ntegra1; is defined such that when B > 0, from
@xpressmn (19), z min = = A+ B cos? a, herce

B l/z'*A —cos?a
-~ F(z) = —zn—urc sin B . (21)

sina
—  Case 2 (B < 0, which corresponds to a < p < a¥3),

NABA

| I L] -

Even Roman odd




‘*‘f‘%ﬁw . ,‘;-_V.'\,,’J W ey »‘@F’?ﬁ“'ﬁ,‘ ’ﬁ“ﬂ,

g

"v

We have }

"t|B| “"Vl z2— 4

is defined such that when B < 0, from

u | F(s)= = |
|

;here the lower boundary of the integral

elation (19), 2 min = A + B, hence

l
) ("// i—4 -cosea) (22)
F()>~1—-—~—arcsm TG .
5 | '
i~ The final expressions for the 11m1t‘va1ues of the errors of the instrument

the determination of the radial. d;st ce,tQ.the center of the planet with a
Probab111ty of 95% from (21) and (? th consideration of (19), will be

b
-
|
L.

Ap(95%) = A + B(1 — 0,9938 sinza) for a<<p << ays, (23)
Ap(95%) = A + B(cos?a -+ 0,9938 sin2a) for p = a}3.

(24)
In particular, when o = 90°,
Ap(95%) = 4 + 0,0062 B for o< p<ays,

Ap(95%) = A 4 0,9938 B for p = a}3,
!

i
O G OO S

vhich corresponds to the relations found| earlier, namely (14) and (15).

a Limit Errors of Horlzon Sensor- . ,

. Comparison of the original expressipns (2) and (3) with the functions (4),
{23), and (24), indicates that the relatjons obtained with a probability of 95%
the limit errors of the horizon centér in the determination of the direction
the center of the planet and distance to it, due to the effect of the
sphericity of the planet, is quite close in value to the limit errors. This
be expected, considering that the rapdom value ¢ (latitude of the position
the object) is confined to +7/2 to -m/2 and was subordinate to the law of
iform density. Then, with consideratipn of (3), expressions for the limit
ors in the determination of the direction to‘the center of the planet will be

a) for an orbit inclined to the equptor at an angle 0°< o < 45°,
e’a?
AY“m ==-}§ﬂsh1acosa;
[; L] 7
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r a) for the polar orbit (a = 90°)

e

- =A for B<0,
N Aplim' for, <
- ; Ap”m =A-4- P for B> 0
L !
i |
f’ b) for the nrbit inclined to the equator at an angle o # 90°
?___ . - “,‘»,i.‘ Qev v v,
Y ' Ap”m-:-zl—}—Bcosza for D < 0,
3 |
Apl i A4-B fort B> 0,
: ﬁhere, according to (6), | L
- : |
g__ eZaz
| A—_—._Z_F.)T B=_.(pz._.3az)'
i‘ i
- 5
tbnc!usions i

1. The investigation described her

radial distance that is v3 times grea

anet, the errors in the determination
Ititude of the flight increases. At 1
Ye determined, moreover, by the angle
gquatorial plane.

[~ 2. It has been found that the abo
robability of 95%, are close in value

_~ permits in engineering calculations to

NA

| ©) for an orbit inclined to the eq11ator at an angle 45° < a< 90°,

&Ym=

tover t‘aTe fitie

—  The expressions for the limiti errort in the determination of the radial
distance to the center of the planet wit

- .
2 BUe to the effect of the nonsphericity EE the planet shows that starting with

LEAR I T TP
e%a®
Qa2 "

consideration of (2) will be:

t

l
|

in of the errors of the horizon sensor

r than the equatorial radius of the
f this distance will increase as the
er altitudes the above-stated errors
inclination of the orbit to the

-stated errors, obtained with a
the values of the limit error, which
ke into consideration only the latter.
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